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                                                           Abstract
        Weevaluate,bymeansofvariationalcalc ulations,theboundstateenergyE Bofapairofcharges
locatedonthesurfaceofacylinder,interactingv iaCoulombpotential–e 2 /r.Thetrialwavefunction
involvesthreevariationalparameters.E Bisobtainedasafunctionofthereducedcurvature  C=a 0 /R ,
where a0  istheBohrradiusand R istheradiusofthecylinder.Wefindthattheen ergeticsofbinding
exhibitsamonotonictrendasafunctionof C;theknown1Dand2DlimitsofE B arereproduced
accuratelybyourcalculation.E Bisrelativelyinsensitivetocurvatureforsmall C.Itsvalueis~1%higher
at C=1thanat C=0.Thisweakdependenceisconfirmedbyapertur bationtheorycalculation.Thehigh
curvatureregimeapproximatesthe1DCoulombmodel; withinourvariationalapproach,E Bhasa
logarithmicdivergenceas R approacheszero.Theproposedvariationalmethodi sappliedtothecaseof
donorsinsingle-wallcarbonnanotubes(SWCNTs).


I. Introduction

Theinteractionsofthesubatomicworldhavebeenmodeledbylocalpotentialsever
sincetheintroductionofquantumphysics.Someofthesepotentialsusedinquantum
mechanics(QM)areexactlysolvable.Thatis,theenergyspectrum,thebound- state
wavefunctionsandthescatteringmatrixcanbeobtainedinclosedanalyticalf orm.The
simplestexactlysolvablepotentialsbelongtotheso-calledshape-invaria ntclass 1,2.Most
well-knownpotentials,liketheCoulomb,Morse,Pöschl-Teller,etc.potentialshavethe
propertyofshape-invariance.TheCoulombinteractioninQMhasbeenextensively
studiedeversincethedawnofthequantumtheory,sinceitisthebasicinteractionupon
whichourrealworldisbuilt.
AnimportantfeatureoftheQMmodelsbasedontheCoulombpotentialisthe
dimensionalitydependenceoftheCoulombinteraction.Thethreedimensional(3D)
Coulomb-Schrödingerproblemisexactlysolvableanditwasoneofthebrightest
examplesofthesuccessofthenewquantumtheoryinthebeginningofthetwentieth
century.Therearemanytextbookapplicationsofthe3DCoulombmodel,suchasthe
discreteenergyspectrumhydrogenatom,hydrogen-likeatoms,etc.Duetothe spherical
symmetrythisproblemcanbereducedtoonedimensional(1D)radialproblem,which
canbesolvedexactlyintermsofLaguerrepolynomials 3 .Thetwodimensional(2D)
Coulombproblemhasbeenextensivelystudiedinexploringthestatisticalmechanic sof
the2DCoulombgas 4,5 .Usuallythe2DQMmodelconsistsofa(+/ ─ )pairinteracting
 2
viathe2DCoulombpotential 5  q2 lnr .Incontrasttothe3Dcase,andinanalogywith
manyother2Dproblems,solvingthe2DSchrödingerequationwiththatpotential
necessitatestheuseofnumericaltechniques.Theenergyspectrumisshownt obepurely
discreteandsemiboundedinitslowerpart,whilethewavefunctionsbehavelikethoseof
asimpleharmonicoscillator.The1DCoulomb-Schrödingerproblemhasphysical
relevanceinthedescriptionofthelinearstarkeffectofa1Dsystem 6,7 .Thisproblem
hasbeensubjectofintensivestudiesinthepastdecadesandthereisstillsome
controversyintheinterpretationoftheresults 8 .Theunusualfeaturesattributedtothe1D
Coulombproblem,whichariseduetothe r ─1 –likesingularity,includeaninfinitely
boundgroundstate 9 ,degenerateeigenvaluesandcontinuousbound-statespectrum 10 .It
isbelievedthattheusualtechniquesofQMalonearenotsufficientfordealingw iththe
1DCoulombpotential.Recently,ithasbeenshownthatthecomplicationsarisingdueto
thesingularityofthe1DCoulombproblemcanbeavoidedwiththeuseofageneralized
Coulombpotential 2 .
Nowdays,thereexistsawidevarietyofquiteregularporousmediahaving
characteristicwidthsoftheorderofananometer.Theseincludevariouscarbonnanot ubes
materials,whichcanbeconsideredtohighaccuracyasperfectnano-scale cylinders.Very
recently,therehasbeenatheoreticalstudyofboundstatesincurvedquantumlayer sby
Duclos etal.  11 .Theysetalistofsufficientconditionstoguaranteetheexistenceof
curvature-inducedboundstatesandshowedthatthecurvaturehasanessentialeffec ton
thediscretespectrumofanonrelativisticparticleconstrainedtoacurvedl ayer.Thus,one
canaddresstheveryinteresting,frompracticalandtheoreticalpointsofview,pr oblemof
modelingtheCoulombinteractionsof(+/ ─ )paironanano-cylinderwitharadius R .
Thisprobleminterpolatesbetweenthe2Dand1DCoulombproblems,butdoesnothave
ananalyticalsolution.Onecananticipateastrongcurvaturedependenceofthe
correspondingboundgroundstate.The2Dand1DCoulombproblemscanbeconsidered
aslimitingcasesofthecylindricalonewith R→∞  and R→0,respectively.
Theaimofthepresentworkistodetermine,bymeansofvariationalcalculations,
theboundgroundstateenergyofsuchapairofcharges,locatedonthesurfaceofa
cylinder,interactingviaaCoulombpotential - e2 /r .Wecanmakeareasonable
guessforthetrialwavefunctiontakingintoaccounttheexactsolutionfortheground
statewavefunctioninthe2DCoulombproblem Ψ2D=exp(-2r/a 0  ) ,where a0 isthe
Bohrradius.Wechoosetwoformsforthetrialwavefunction–thefirstinvolvestwo
variationalparameters,whilethesecondemploysthreevariationalparamet ers.Addinga
thirdvariationalparametertoourfirstchoiceforthetrialwavefunctionimprove sthe
variationalenergyonlyforanarrowrangeofcurvature.Theminimumenergy
expectationvaluesareobtainedasafunctionofacurvatureparameter,define das
C = a0 /R .Thelimitingcaseofsmallcurvatureisinvestigatedbyanalternative
approach,basedonaperturbationtheoryinvolvingtheparameter a0 /R .Inthehigh
curvaturelimitananalyticalsolutionisobtainedbyusingastronglylocaliz edtrialwave
functionofGaussiantype.Inthatcasethevariationalapproachyieldsgroundsta te
energywithalogarithmicsingularity ~|ln(a 0 /R)| .
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II. Analysis


Weconsiderapairof(+/ ─ )charges,constrainedtolieonthesurfaceofacylinder,
interactingwithpotentialoftheCoulombform.Theessentialresultsweobtaina requite
generalanddependonlyonthecurvatureparameter a0 /R .Inwhatfollowswemeasure
theenergyinmodifiedHartreeunits(1Hartree ≡ µe4/ ħ2  )andthelengthsinmodified
Bohrradiusunits( a0 = ħ2/ µe2  ),where µ isthereducedmassofthetwo-bodysystem.
Thegroundstateenergyiscalculatedbyminimizingtheexpectationvalueoft hereduced
Hamiltonian H* :


where φ and z aretheusualcylindricalcoordinates, V(r * ) ≡-1/  r* , z* =z/a 0  ,
R*  =R/a 0 , a0 =0.529Å if µ= me ,whichweassumetobethecasehere.Themore
generalcasecanbeobtainedbyappropriatescalingofoursolution.Intheli mitof R→∞
wehaveanexactsolutionforthegroundstateeigenfunctionintheform Ψ2D=exp(-2r *)
witheigenvalue 2.Theinitialtrialwavefunctionforthecylindricalproblemischosen
tobe:


where αand n areourvariationalparameters.Thetwo-bodyeigenfunction ), ( * ϕzΨ is
determinedbytheminimizationoftheenergyexpectationvalue,formallywri ttenas:

where ΨΨ *H istheexpectationvalueofthereducedHamiltonian.Theseequations
aresolvednumericallyandthegroundstateenergyisobtainedasafunctionofthe
curvatureparameter a0 /R .Wenotethatthisformofthetrialwavefunctioncanbe
improvedbyaddingathirdvariationalparameter β .Thiscouldbeassociatedwitheither
thespatialcoordinate z ortheazimuthalangle φ.Wehaveemployedthefollowingform
for Ψ ( α, β,n):
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ThegroundstateenergyE B isshowninFig.1asafunctionof C ,calculatedforboth
ofthetrialwavefunctions(Eq.2andEq.4).Theen ergycurvehasaremarkablebehavior
inthelimitofsmall C ( a0/R <1).Surprisingly,inthatlimit,theenergyi shardly
changedbyreducing Rfrominfinityto a0  .At R=a 0 thegroundstateenergydiffers
fromthe2Dgroundstatevaluebyonly~1%.Ont heotherhand,thehighcurvature
limityieldsaninfinitelyboundgroundstatewith alogarithmicsingularity~ |ln(a 0 /R)|
asdiscussedbelow.TheminimizationprocedureEq. (3)determinesalsotheoptimal
valuesofthevariationalparameters α andn overthewholerangeof C.Thebehaviorof
thefirstparameter α isshowninFig.2.Inthesmall C limit α isequalto2(exactlythe
2Dresult),while α divergesas| ln C |forlarge C .Suchabehaviorisconsistentwiththe
numericalresultsforthegroundstateenergy(Fig .1).Itindicatesthatthewavefunction
isspreadoutonascaleof a0  forsmall a0 /R ,wherethecurvaturehaslittleeffectonthe
two-bodyboundstate,whiletheeigenfunctionbecom esincreasinglylocalizedwhenthe
curvatureislarge.Ontheotherhand,thesecondv ariationalparameter n hasadifferent
behaviorfrom α. Forsmall a0 /R itfollowsthe2Dresult( n= 1),whileinthehigh
curvaturelimititincreasesandreachesaconstant valueof 1.3,whichwecannot
explain.Theadditionoftheextravariationalpara meter β haslittleeffectonthe
variationalcalculationatsmallandhighcurvature .Forintermediatecurvature( a0 /R ~
1to2)thenumericalresultsforthegroundstate energyareimprovedbyafewper
cent,asindicatedinFig.1.Inthatintermediate region β  hasvalues0.1<  β < 0.2,while
inthecaseofsmallandhighcurvature β  isverysmall.
Next,wetestourvariationalcalculation forsmall a0 /R. Inthatcaseaperturbation
theorycalculationcanbecarriedoutoverthepara meter a0 /R. Wedefineanew
variable,thearccoordinate y* ,as y * =(R/a 0 ) φ.Expanding cos φ in V(r * ) and
assumingthat a0 /R isasmallparameter,onecanexpressthepotential as:



Consequently,thedimensionlessSchrödingerequatio nbecomes:
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wherethereducedenergyisexpressedinunitsofm odifiedHartrees.Further,wecan
relatethisequationtothe2DSchrödingerequation byintroducingthepolarcoordinates
ρ
*
=
2*2* yz + ; θ=arctg(y */z*) .Then,inthesmallcurvaturelimit,theproblem oncan
bereducedto:




Theunperturbedgroundstateeigenfunctionisthe2 Dwavefunction Ψ2D=exp(-2 ρ* ) ,
whiletheperturbativepotentialis )( *ρδv .Performingfirstorderperturbationtheory,we
obtainananalyticalexpressionforthegroundstat eenergyintheform:

Comparisonbetweenthevariationalandperturbation theorycalculations,intherangeof
small a0 /R ,isshownintheinsetofFig.3.Thefirstord erperturbationtheory,which
constitutesanupperlimittotheboundstateenerg y,isingoodagreementwithour
variationaltheoryresults.Itdiffersfromthevar iationalapproachonlyby~1%and
confirmstheinitiallysurprisingresultofaweak dependenceoftheenergyonthe
curvatureatsmall a0 /R .
Intheremainderofthissectionweanalyzethe behaviorofthegroundstateenergyin
thehighcurvaturelimit.Inordertoachieveanan alyticalapproximationtothenumerical
results,wereplacethetrialwavefunction(Eq.2) withatrialfunctionofGaussiantype:


where α isavariationalparameter.Thisformofthetrial wavefunctiondoesnotinclude
φdependence,becauseatlarge a0 /R theazimuthalangledependenceinEq.2isvery
weakandwereacheffectivelythe1DCoulombproble m.Suchachoiceisreasonable,
sinceinthatrangeof a0 /R thegroundstatefunctionshouldbeahighlylocal ized
,0
)(24
12 2*2*2
4*2
0
2*2*
2*
2
2*
2
=Ψ
















+
+
+
+
+
∂
∂
+
∂
∂ E
yzR
ya
yzyz
)6(
,0
24
sin121 2
42*2
0
**
*
**
=Ψ
















+++
∂
∂
∂
∂ E
R
a θρ
ρρρρρ
.
24
sin1)()()( 2
42*2
0
*
**
2
*
R
a
vvv D
θρ
ρ
ρδρρ −−=+=
)7(
)8(
.
256
112
2
0)1(
20













+−=+=
R
aEEE D
cyl δ )9(
[ ],exp)( 2** zzHC α−=Ψ )10(
 6
functionof z* .Further,wetested )( *zHCΨ versusourfirstchoiceoftrialfunction(Eq.2)
for a0 /R>10 .TheGaussianwavefunction(Eq.10)yieldedenerg ieswhichwereonlya
fewpercentdifferentfromthenumericalresultsob tainedwithourinitialtrialwave
function.Ontheotherhand,employing )( *zHCΨ wecanreachasimpleanalytical
expressionfortheboundenergy.Moreprecisely,in ourvariationalcalculationwefirst
integrateovertheangle φ andobtainacompleteellipticintegralofthefir stkind 12  K(k) ,
with k=(z *2 +4R 2/a02 ) -1/2 . Next,weexpand K(k)  inpowersof k andperformthe
inegrationover z* ,whichyieldsaconfluenthypergeometricfunction 12 .Keepingonly
thetermsofzeroorderin R2/a02 weget:


ApplyingtheminimizationprocedureEq.3for )( *zHCΨ weobtaintheoptimalvaluesof
α overtheentirerangeof a0 /R ;theresultsareshowninFig.2.Numericalfit ofthe
optimized αinthecaseofhigh a0 /R canbeobtained:

Thatbehaviorof αleadstoalogarithmicsingularity ~|ln(a 0 /R)| ofthegroundstate
energyas a0 /R increases.In1Dthepotentialenergyexpectation valuedivergesfora
1/rpotentialandthusthespectrumisunbounded; theparticle“fallstothecenterofthe
attractiveforce”.Inthecylindricalcase,as Rapproacheszero,thegroundstatehasa
logarithmicdivergenceandthesingularityat R=0canbeavoidedbyintroducingacut
offradius R0 .Toconcludethissectionwecomparethegrounds tateenergiescomputed
from )( *zHCΨ and Ψ  ( α, β,n) onFig.3.Wefindthat )( *zHCΨ isaverygood
approximationforthetrialwavefunctionincaseo flarge a0 /R .


III. Donorsonsingle-wallcarbonnanotubes


Oneapplicationofthepresentmodelisdonorsins ingle-wallcarbonnanotubes
(SWCNTs).Nitrogenisthemostprevalentdonorinm osttubes.Itisasubstitutional
impurityandactsasasinglychargeddonor.SWCNTs haveavarietyofenergyband
structures,dependinguponthechiralityofthetub e.Aboutone-thirdaremetallicandthe
remainderaresemiconducting.Earliercalculations 13-15 havedeterminedthelocationof
thedonorsstatesinmetallictubesusingnumerical methods.Herewetrytodeterminethe
locationofthedonorsusingtheeffectivemassapp roximation.Bothmetallicandsemi-
conductingtubeshavenumerousconductionbandmini ma.Theeffectivemassis
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determinedbythebandcurvaturenearthebandmini mum.Eachconductionband
minimumhasadonorstatewhosevalueisdetermined bytheeffectivemassand
dielectricconstant.Theeffectivemassisgivenby thecurvatureinthebandatthe
minimumenergypoint.Thechoiceofthedielectric functionisaproblem.Forasingle,
isolatedtube,thebackgrounddielectricconstants houldbeone.However,most
measurementsaremadeinropesorbundlesoftubes, wheretherewillbeanaverage
dielectricconstant,similarinvaluetothatfound ingraphite.Thesameconsiderations
applytoholesboundtoacceptorstates.Eachband extremumhasadonororacceptor
boundstate.Thesestatesmayoverlapinenergywit hstatesfromotherbands.Inthatcase
thestateisascatteringresonanceratherthanat rueboundstate.Inmetallictubes,allof
thedonorandacceptorstatesareresonances.That isthecasefortheresonancesreported
inRefs.[13,14].
Inthisworkweconsider(10,10)armchaircarbo nnanotubes,whichhaveradiusof
 R=6.8Å.Theenergybandsforthe(10,10)tube 16 ,baseduponthetightbinding
approximation,areshowninFig.4.Adistinctive featureforallarmchairtubesisthe
banddegeneracybetweenthehighestvalencebandan dthelowestconductionbandat
k=±2 π/(3 a),wherethebandscrosstheFermilevel.Fora( 10,10)tubetherearefour
conductionbandminima(Fig.4),whichdetermine thelocationofthedonor(acceptor)
boundstates.Toobtainthebindingenergyofthese statesweapplythevariational
approachdevelopedinSection2,usingtheeffecti vemassapproximationandassuming
thattheCoulombinteractionisscaledbythediele ctricconstantofgraphite ε  =3 . We
findthatalldonor(acceptor)boundstates“fall”v eryclosetotheFermilevel(theband
crossingpoint).Thus,weconcludethatupondoping theSWCNTswithelectrondonors
andacceptors,theconductivityofSWCNTs’ropeswi llincreasesignificantly.

IV. Summary

WehaveinvestigatedtheQMCoulombproblemof apairof(+/ ─ )charges,located
onacylinder,bymeansofvariationalcalculations .Thegroundstateisobtainedasa
functionofacurvatureparameter,definedas a0 /R .Surprisingly,inthelimitofsmall
curvature( 0<a 0 /R<1 )theboundenergyisaveryweakfunctionof a0 /R .This
resultisconfirmedbyaperturbationtheorycalcul ation.Inthehighcurvaturelimit,an
alternativevariationalapproach,whichusesatria lfunctionofGaussiantype,canbe
appliedtoyieldananalyticalsolutionforthegro undenergy.Themainresultofthe
presentworkhasbeentoshowthatthesolutionof theCoulombproblemonacylinder
canbedividedintotwodistinctiveregimesofbeha vior–smallandhighcurvature.The
Coulombproblem,inthesmallcurvaturelimit,clos elyapproximatesthe2DCoulomb
problem,whilethehighcurvaturelimitcanbeasso ciatedwiththe1DCoulombmodel,
wherethegroundstateenergydivergesas ~|ln(a 0 /R)| .Withinourmethodthere
remainunansweredquestionsconcerningtheapplicat ionoftheproposedmodeltoreal
systemsandtheexcitationspectrum.Thesewillbe addressedinfuturework.
WewouldliketothankSusanaHernandez,L.W. BruchandM.L.Classerforhelpful
discussions.ThisworkwassupportedbytheArmyR esearchOfficeandthePetroleum
ResearchFundoftheAmericanChemicalSociety.Mil enKostovisgratefultoAir
ProductsandChemicals,Inc.(APCI)foritssupport throughAPCI/PSUgraduate
fellowship.
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Figurecaptions

Fig.1  Groundstateenergyofapairofcharges,constrai nedonacylinder,asafunction
ofthecurvatureparameter a0 /R .TheenergyisinmodifiedHartreeunits,describ edin
thetext.Thesolidlineisthevariationaltheory resultobtainedfromatrialwavefunction
Ψ ( α, β,n) givenbyEq.4;thedottedlinecorrespondstothev ariationalresultsobtain
fromatrialwavefunction ),( * ϕzΨ (Eq.2),i.e.,choosing β=0 .


Fig.2  α variationalparameterasafunctionof  a0 /R .Thesolidlineisthevariational
theoryresultobtainedfromtrialwavefunctiongiv enbyEq.2;thedashedline
correspondstothevariationalresultwithaGaussi antrialwavefunction )( *zHCΨ
(Eq.10).


Fig.3 Comparisonofvariationaltheorycalculationswith twodifferenttrialwave
functions.Thesolidlinecorrespondstothewavef unctiongivenfromEq.4;the“up-
triangle”curvecorrespondstotheGaussiantrialw avefunction.Ontheinsetgraph,a
comparisonbetweenvariationalandperturbationthe orycalculationsisshown.Thesolid
lineisthevariationaltheoryresultobtainedfrom atrialwavefunctiongivenbyEq.4;the
dashedlinecorrespondstotheperturbationtheory( PT)results.

Fig.4 1Denergydispersionrelationsfor(10,10)armchair tube; a=2.46Åisthe
graphitelatticeconstant, γ0 ~3eVisthenearest-neighborcarbon-carbonoverl ap
integral16 .
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